Introduction {#Sec1}
============

There are well-developed theories of reduction of both classical and quantum mechanical systems that possess symmetries. The study of reduction of classical systems was initiated by Dirac in \[[@CR2]\] with his theory of first and second order constraints, and later put into the language of symplectic manifolds by Arnold and Smale. The reduction of a symplectic manifold with respect to an equivariant moment map was described by Marsden and Weinstein in their paper \[[@CR9]\]. For a more detailed account of the history of symplectic reduction, we refer to \[[@CR10]\] and references therein. A procedure known as Rieffel induction, developed in \[[@CR12]\], appears to be a good candidate for a quantum version of Marsden--Weinstein reduction \[[@CR7]\] (cf. \[[@CR8], IV.2\]).

The primary aim of this paper is to compare two different ways to reduce the quantum mechanical observable algebra. The first one is the method of Rieffel induction mentioned above. The second one was outlined by Kijowski and Rudolph in \[[@CR5], [@CR6]\] in the context of a quantum lattice gauge theory, in which they explicitly implement a constraint, the local Gauss law, by ensuring that the operators associated with the generators of the gauge group vanish in the observable algebra of the reduced system. The corresponding operators on the unreduced Hilbert space are unbounded, however, which requires them to appeal to the theory of C$\documentclass[12pt]{minimal}
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                \begin{document}$$^*$$\end{document}$-algebras generated by unbounded operators as developed by Woronowicz in \[[@CR15]\], something that is not necessary for Rieffel induction. Nevertheless, both procedures yield the same reduced observable algebra. In this paper, we modify the latter method so that it is formulated entirely in terms of bounded operators, and show that it agrees with the final step in the process of Rieffel induction.

The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we briefly recall the process of Rieffel induction. In Sect. [3](#Sec3){ref-type="sec"}, we formulate and prove the main theorem that establishes the link. In Sect. [4](#Sec4){ref-type="sec"}, we discuss some examples, including the lattice gauge theory mentioned above.

Reduction of quantum systems using Rieffel induction {#Sec2}
====================================================
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Let us first briefly recall the process of Rieffel induction. Starting from the above representation of the group *K*, one endows $\documentclass[12pt]{minimal}
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At the level of the observable algebra, one first considers the algebra $\documentclass[12pt]{minimal}
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Motivated by the theory of strict quantization of observable algebras as described extensively in \[[@CR8], Part II\], we are interested in the case where $\documentclass[12pt]{minimal}
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Associating algebras to infinitesimal generators {#Sec3}
================================================

The main purpose of this section is to discuss a possible interpretation of an observation made by Kijowski and Rudolph in \[[@CR6], Sect. 3\] in the case of a quantum lattice gauge theory, namely that the kernel of the representation $\documentclass[12pt]{minimal}
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Lemma 1 {#FPar1}
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Theorem 2 {#FPar2}
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Remark 3 {#FPar3}
--------
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Proof of Theorem 2 {#FPar4}
------------------
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The last argument can be formulated slightly more generally as follows: Suppose that $\documentclass[12pt]{minimal}
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The fact that a set *S* like the one in Theorem [2](#FPar2){ref-type="sec"} always exists, is a consequence of the following result. Recall that for any representation $\documentclass[12pt]{minimal}
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Proposition 4 {#FPar5}
-------------
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This result can be found in \[[@CR3]\] as part of Corollary 4.6.3. Using this result and Zorn's lemma, one can now readily show that there exists a set *S* that satisfies the assumption of our theorem. Needless to say, explicitly exhibiting such a set might be impossible. However, as we shall see in the next section, there are situations in which there is a natural choice for *S*.

Before we end this section, we briefly recall some other notions from representation theory. Let $\documentclass[12pt]{minimal}
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Examples {#Sec4}
========

Local Gauss law in quantum lattice gauge theories {#Sec5}
-------------------------------------------------

We start with the motivating example for this paper, namely the local Gauss law discussed by Kijowski and Rudolph in \[[@CR6]\] in the context of quantum lattice gauge theories. Let $\documentclass[12pt]{minimal}
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Since the elements of the Lie algebra of the gauge group $\documentclass[12pt]{minimal}
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Hamiltonian symmetries {#Sec6}
----------------------

The second example that we discuss is really more of a class of examples, namely that of quantum systems with a given Hamiltonian that possesses a certain symmetry.
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